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ABSTRACT: A model for investigating the melting pro-
cess under a vibration force field is presented. The key pa-
rameters of this model are as follows: the rotation of the
screw and heat are supplied by the vibration force field
for the material phase conversion. A multidimensional
vibration desk (DWZD-500) and low-density polyethylene
material were used to investigate the effect of the vibration
parameters on the melting process. A comparison of the

derived model and experimental results revealed that
increasing the vibration parameters increased the melting
mass. This study will serve as the theoretical basis to opti-
mize the parameters of vibration extruders’ processing
polymers. VC 2011 Wiley Periodicals, Inc. J Appl Polym Sci 120:
2912–2920, 2011
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INTRODUCTION

Most industrial extrusion machines plasticate input
pellets and convert them to molten polymers. This is
true of both conventional extruders and vibration-
induced extruders. The single-screw extruder has
been used widely to make thermoplastics since the
1930s. Since then, there have been many efforts to
investigate and mathematically model the melting
process. The first qualitative studies of melting in sin-
gle-screw extruders were reported by Maddock1 and
Street2 in the late 1950s. The first quantitative descrip-
tion of the melting model observed by Maddock and
Street was developed by Tadmor.3 In this model, the
solid pellets are compacted in a solid bed, and a thin
melt film forms between the solid bed and the barrel.

Melting is assumed to occur primarily at the upper
solid–melt interface. The melt added to the melt film
through melting of the solid bed is dragged toward
the leading flight flank. Most of this molten plastic
accumulates in the melt pool at the leading flight
flank. The melt pool pushes the solid bed against the
trailing flight flank.
Another type of melting that has been observed

by several workers describes separate, solid particles
floating in a melt matrix. This melting model is
termed dispersed solid melting and has been observed
in twin-screw extruders, reciprocating single-screw
compounders, and some regular single-screw
extruders. Huang and Feng4 performed a theoretical
analysis of dispersed solid melting using a six-block
model. Chris5 presented a theoretical model for dis-
persed solid melting that allows closed-form solu-
tions to the equations describing the problem. Qu
and Zeng13 established a melting model for vibra-
tion-force-field-induced extruders.
The vibration-force-field-induced extruder is a ver-

satile and flexible device used in polymer processing
and mixing. According to previous research,14–18 the
introduction of a vibration force field into the poly-
mer extrusion process can increase the melting rate,
decrease the length of the melting section, and
reduce power consumption. Melting models describ-
ing the melting process of polymer materials have
been a subject of focus because of its roles in provi-
ding a logical picture of the melting mechanics
of polymers and providing aid in the design
and optimization of polymer processing. Most of the
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current theoretical and experiment work in melting
models has been devoted to the development of the
melting process of polymers in a vibration-force-
field-induced extruder. However, in vibration-force-
field-induced extruders, the screw will vibrate as it
rotates; hence, the vibration and the rotation should
affect each other. Thus, it is difficult to study the
separate effect of the vibration force field on the
melting process. In this study, we designed a new
experimental apparatus, and in this article, we pres-
ent a new theory for the effects of the vibration force
field on the melting process that allows closed-form
solutions to the equations describing the problem.
Predictions from the derived model are also com-
pared to experimental results.

PHYSICAL MODEL FOR THE
MELTING PROCESS

The physical model for the melting process is shown
in Figure 1. A cylinder is filled with polymer pellets.
The bottom of the barrel is a hot plate with a constant
temperature (Tb) and can vibrate along the x direction
at A2 sin(x2t), where A2 is the amplitude, x2 is the
angle frequency, and t is time. A piston is used to
apply a constant pressure (P) and can vibrate along
the z direction at A1 sin(x1t), where A1 is the ampli-
tude and x1 is the angle frequency.

The polymer pellets were first compacted into the
cylinder (and create a solid bed) by the piston. The
solid bed was assumed to be infinitely long along
the z direction. A melt film formed between the
solid bed and the hot plate. Melting occurred pri-
marily at the solid–melt interface of the vibration
force field. The melt added to the melt film from the
solid bed was pushed toward the inner surface of

the barrel and accumulated between the solid bed
and the barrel and pushed the solid bed against the
inner wall of the barrel to form a round melt pool
between the solid bed and barrel. As the melting
processing proceeded, the solid bed continued mov-
ing toward the melt film under a vibration force
until the solid bed completely disappeared and the
melt filled the entire barrel.
To simplify the deduction, the following assump-

tions were made:

1. To simplify the energy conservation equation,
we assumed the wall of the barrel was adia-
batic because the heat reached a balance when
the system was in steady operation.

2. The heating part of the hot plate was controlled
by a computer with an additional water cooling
system in it, and thus, small deviations could
be compensated for in a timely manner so that
the temperature of the hot plate could be kept
constant.

3. A great pressure was applied by the piston, so
we assumed that the compression ratios of the
melt and the solid were the same.

4. The polymer material melting temperature was
Tm.

5. The melt was only generated at the solid–melt
interface, which is shown in the experimental
figure (Fig. 3, shown later), where the solid bed
had a constant radius.

6. The mass and energy were all confined within
the barrel; thus, it was a closed system.

ANALYTICAL MODEL FOR THE
MELTING PROCESS

Continuous equation with a vibration force field

In this study, the physical melting model was a
closed system, but the volume of the polymer varied
with the vibration of the piston. Therefore, the com-
pressibility of the polymer material was considered.
The vibration equation for the piston was is follows:

n1 ¼ A1 sinðx1tÞ (1)

where n1 is the displacement of the piston.
As shown in Figure 1, the volume of the polymer

material varied only along the z direction. If we
let the mass of the material be M, the density (q)
equation is

q ¼ M=pR2½H � A1 sinðx1tÞ� (2)

where R is the radius of the barrel and H is the
height of the polymer material. The substitution of
eq. (1) into eq. (2) leads to eq. (3):

Figure 1 Melting model and coordinate.
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A1x1 cosðx1tÞ
pR2½H � A1 sinðx1tÞ� ¼ � @vx

@x
þ @vy

@y
þ @vz

@z

� �
(3)

where v is the velocity of the material.

Momentum equation with a vibration force field

During this process, the material’s flow will change
its momentum. So, from the aspect of momentum
conservation, we can research the rheological charac-
teristics of the polymer melt. Also, because of the
existence of the vibration field, the inertia term in
the momentum equation cannot be ignored; if we let
the vibration equation of the hot plate be

n2 ¼ A2 sinðx2tÞ (4)

where n2 is the displacement of the hot plate, the
following equations are obtained:

q
dvz
dt

¼ @szz
@z

þ @szy
@y

þ @szx
@x

� �
þ qgz � @P

@z
(5)

q
dvx
dt

¼ @sxx
@x

þ @sxy
@y

þ @sxz
@z

� �
þ qgx

@P

@x
(6)

and

szz ¼ 2g
@vz
@z

(7)

sxx ¼ 2g
@vx
@x

(8)

sxz ¼ g
@vx
@z

þ @vz
@x

� �
(9)

sxy ¼ g
@vx
@y

þ @vy

@x

� �
(10)

szy ¼ g
@vz
@y

þ @vy

@z

� �
(11)

where s is the shearing stress, g is the acceleration of
gravity, g is the apparent viscocity of melt.

Combining eqs. (4)–(11), we obtain

M

pR2½H � A1 sinðx1tÞ�
dvz
dt

¼ g
@2vz
@y2

þ @2vz
@x2

� �

þ Mgz
pR2½H � A1 sinðx1tÞ� (12)

M

pR2½H � A1 sinðx1tÞ�
dvx
dt

¼ g
@2vx
@z2

� @P

@x
(13)

Energy equation with a vibration force field

As stated earlier, under the impact of a vibration force
field, the polymer is compressible; therefore, the vol-

ume distortion energy in the energy equation cannot
be neglected, but the stress energy along the x and z
directions due to volume distortion can be ignored.
Moreover, if the temperature (T) of the polymer melt
next to the hot plate is assumed to be constant and
equal to that of the hot plate, the energy equation of
the polymer melt can be obtained:

0 ¼ @qz
@z

þ T
@P

@T

� �
P

@vx
@x

þ @vy

@y
þ @vz

@z

� �

þ sxz
@vx
@z

þ @vz
@x

� �� �
þ szy

@vz
@y

� �
(14)

where qz is the heat flow.

Descending velocity of the solid bed

Combining the previous equations, we have

A1x1 cosðx1tÞ
pR2½H�A1 sinðx1tÞ�¼� @vx

@x
þ@vy

@y
þ@vz

@z

� �
M

pR2½H�A1 sinðx1tÞ�
dvz
dt

¼g
@2vz
@y2

þ@2vz
@x2

� �

þ Mg

pR2½H�A1 sinðx1tÞ�
0¼@qz

@z
þT

@P

@T

� �
P

@vx
@x

þ@vy

@y
þ@vz

@z

� �
þsxz

@vx
@z

þ@vz
@x

� �

þszy
@vz
@y

� �
qz¼�km

@T
@z

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

(15)

where km is the coefficient of heat conductivity of
polymer melt.
In this model, there is no transfer of polymer

melt along the z direction, vibration along the z
and x directions are used to simulate compression
and shear on the polymer melt in the extruder,
respectively. The melt film is very thin; therefore,
to simplify the deduction, we let vz ¼ 0. Then, eq.
(15) is

0 ¼ @qz
@z

� T
@P

@T

� �
P

A1x1 cos x1tð Þ
pR2 H � A1 sin x1tð Þ½ � þ sxz

@vx
@z

M

pR2 H � A1 sin x1tð Þ½ �
@vx
@t

¼ g
@2vx
@z2

� @P

@x

8>><
>>:

(16)

Under the impact of a vibration force field, the
relationship between the distortion and the stress is
related to the relaxation time (k). From the previous
deduction, we know that the shear stress is a func-
tion of time t and z. Therefore, the Tanner constitu-
tion equation should be used in this model:
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sxz þ k
@sxz
@t

¼ g _cð Þ @vx
@z

(17)

_c is the sheare rate;

g _cð Þ ¼ K
dvx
dz

� �n�1

(18)

K is the consistency coefficient;

K ¼ K0b0
4n

3nþ 1þ nMBg0 � x
a cosu1

� �
( )

� b1 þ b2 exp �b3
R3

R3
0

_ca

� �� �
(19)

where sxz is the shear stress in the melt film; n is
the power-law index; K0 is the consistency coeffi-
cient of a Newtonian fluid; b0 is the modifying coef-
ficient; MB is the geometry parameter of the capillary
rheometer; g0 is the zero-shear apparent viscosity; a,
b1, b2, and b3 are constants determined from the
experiments; R0 is the radius of the capillary; _ca ¼ Ax

d
is the breadth of the nominal shear rate; and u1 is the
phase angle. Simultaneously, an experiential equation
is obtained from the experiment:

cosu1 ¼ 1� a1 exp �a2xð Þ (20)

where a1 and a2 are coefficients of the material deter-
mined by the experiment. From refs. 12 and 13, the
nominal shear rate can be used to simplify eqs. (17)
and (18), so we have

sxz þ k
@sxz
@t

¼ g
@vx
@z

(21)

where g is the equivalent viscocity;

g ¼ K
Vx

h

� �n�1

(22)

Vx is the equivalent velocity of polymer melt along x
direction; and h is the average thickness of melt film.

Vx ¼
ffiffiffi
2

p

2
A2x2 (23)

Combining eqs. (16) and (17), we have

kM
pR2 H � A1 sin x1tð Þ½ �

@2vx
@t2

þ M

pR2 H � A1 sin x1tð Þ½ �

� 1þ kA1x1 cos x1tð Þ
pR2 H � A1 sin x1tð Þ½ �

� �
@vx
@t

¼ g
@2vx
@z2

� @P

@x
(24)

The boundary conditions are

z ¼ 0; vx ¼ A2x2 cos x2tð Þ
z ¼ h; vx ¼ 0

(
(25)

The initial conditions are

t ¼ 0; vx ¼ 0

t ¼ 0;
@vx
@t

¼ 0

8<
: (26)

Let

qm ¼ M

pR2 H � A1 sin x1tð Þ½ � (27)

Inspecting eq. (27) we find that the density (qm) is
a function of time t, but a change in the density has
little effect on the momentum equation. Therefore, to
simplify the deduction, the average density (qm) is
substituted for the dynamic density:

qm ¼ M

pR2H
(28)

Equation (24) can then be changed as follows:

kqm
@2vx
@t2

þ qm 1þ kA1x1qm cos x1tð Þ
M

� �
@vx
@t

¼ g
@2vx
@z2

� @P

@x
(29)

In this model, the pressure along the z direction is
uniform; that is, qP/qx ¼ 0. Moreover, to simplify
the deduction, we let

x ¼ x1 ¼ x2 (30)

A ¼ A1 ¼ A2 (31)

The frequency used in a vibration-induced ex-
truder is less than 50 Hz. Under the extrusion
conditions, most of the polymer melt’s relaxation
time is less than 102 s; therefore, solving eq. (29)
leads to

vx ¼ k0
h

k1 h� zð Þ þ k2 h� zð Þ3þk3 h� zð Þ5
h i

cosðxtÞ
(32)

where

k0 ¼ 72Ax

ð6� x2qmkh2=gÞ2 þ x2q2mh
4=g2

(33)

k1 ¼ 1þ ½36x2q2mh
4ð1þ k2x2Þ=g2

� 432x2qmkh
2=g�=2592 (34)

k2 ¼ ½144x4q2mk
2h2=g2 � 12x4q3mh

4kð1þ k2x2Þ=g3

� 432x2qmk=g�=2592 (35)
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k3 ¼ ½x4q4mh
4ð1þ 2k2x2 þ k2x2Þ=g4

þ 36x2q2mð1þ x2k2Þ=g2

� 12x4q3mh
2kð1þ k2x2Þ=g3�=2592 ð36Þ

Substituting eq. (32) into eq. (21) leads to

sxz ¼
k0g �k1� 3k2 h� zð Þ2�5k3 h� zð Þ4

h i
ðkcosxtþxk2Þ

ð1þx2k2Þhk
(37)

Solving eqs. (37) and (16), we have

0 ¼ km
@2T

@z2
� T

@T

@T

� �
P

Ax cosðxtÞ
pR2 H � A sin xtð Þ½ � þ

k20g �k1 � 3k2 h� zð Þ2�5k3 h� zð Þ4
h i2

cos xtð Þðk cosxtþ xk2Þ
ð1þ x2k2Þh2k (38)

From the Spence–Gilmore state equation for poly-
mer materials, we have

Pþ Cð Þ V þ Bð Þ ¼ R0T (39)

where C is the pressure constant, V is the volume; B
is the specific volume constant, and R0 is the gas
constant. Substituting eq. (39) into eq. (38), we have

km
@2T

@z2
¼ Pþ Cð Þ Ax cos xtð Þ

pR2 H � A sin xtð Þ½ �

� k20g cos xtð Þðk cosxtþ xk2Þ
ð1þ x2k2Þh2k

½k21 þ 6k1k2ðh� zÞ2 þ ð9k22 þ 10k1k3Þðh� zÞ4

þ 30k2k3ðh� zÞ6 þ 25k3ðh� zÞ8� (40)

With the boundary conditions

z ¼ 0; T ¼ Tb

z ¼ h; T ¼ Tm

�
(41)

When eq. (40) is solved, an expression for the heat
flux from the polymer melt to the solid–melt inter-
face is obtained:

� qm½ �jz¼h¼ �k
@T

@z






z¼h

¼ km Tb � Tmð Þ
h

� Pþ Cð ÞAx cos xtð Þ
2pR2 H � A sin xtð Þ½ � h

þ k20g cos xtð Þðk cosxtþ xk2Þk21
2ð1þ x2k2Þhk

þ k20g cos xtð Þðk cosxtþ xk2Þ
ð1þ x2k2Þk

1

2
k1k2hþ 1

30
9k22 þ 10k1k3
� �

h3 þ 30k2k3
56

h5 þ 25k3
90

h7
� �

(42)

where qm is the heat flow of melt.

We let the descending velocity of the solid bed be
Vsz. From the conservation of energy equation, we
have

ks
d2T

dz2
þ qscsVsz

dT

dz
¼ 0 (43)

where ks is the coefficient of heat conductivity of
polymer solid; qs is the density of polymer solid;
and cs is the specific heat of the polymer solid. The
boundary conditions are

y ¼ h; T ¼ Tm

y ¼ 1; T ¼ Ts

�
(44)

where Ts is the temperature of polymer solid.
Solving eq. (43) leads to

T ¼ Tm � Tsð Þ exp qscsVsz

ks
h� zð Þ

� �
þ Ts (45)

The heat flux from solid–melt interface to the solid
bed is

� qsz½ �z¼h¼ ks
dT

dz

� �
z¼h

¼ qscsVsz Tm � Tsð Þ (46)

where qsz is the heat flow of polymer solid along z
direction.
In this model, the wall of the barrel is adia-

batic, and the growth speed of the melt is equal
to the melting speed of the solid bed. Therefore,
we have

km
dT

dz

� �
z¼h

� ks
dT

dz

� �
z¼h

¼ Vszqsk0 (47)

where k0 is the latent heat of polymer material.
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Combining eqs. (42), (46), and (47) leads to

Vsz ¼ km Tb � Tmð Þ
h qsk0 þ qscsVsz Tm � Tsð Þ½ �

� Pþ Cð ÞhAx cos xtð Þ
2pR2 H � A sin xtð Þ½ � qsk0 þ qscsVsz Tm � Tsð Þ½ �

þ k20g cos xtð Þðk cosxtþ xk2Þk21
2ð1þ x2k2Þhk qsk0 þ qscsVsz Tm � Tsð Þ½ �

þ k20g cos xtð Þðk cosxtþ xk2Þ
ð1þ x2k2Þk qsk0 þ qscsVsz Tm � Tsð Þ½ �

1

2
k1k2hþ 1

30
9k22 þ 10k1k3
� �

h3 þ 30k2k3
56

h5 þ 25k3
90

h7
� �

(48)

Melting mass of the solid bed at a certain time

As shown in Figure 1, the interface between the solid
bed and the melt is a taper–platform face, the projec-
tion of which along the z coordinate is the equivalent
circle face. We let the melting mass per unit time be
DQ, and the melting mass during time t is Q. Then,
from the law of conservation of mass, we have

DQ ¼ pR2qsVszDt (49)

or

dQ ¼ pR2qsVszdt (50)

Then ZQ
0

dQ ¼
Z t

0

pR2qsVszdt (51)

Substituting eq. (48) into eq. (51), we obtain

Q ¼ kmpR2qs Tb � Tmð Þt
h qsk0 þ qscsVsz Tm � Tsð Þ½ �

� pR2qs Pþ Cð Þh
2pR2 qsk0 þ qscsVsz Tm � Tsð Þ½ � ln

H � A sin xtð Þ
H

� �

þ pR2qsk
2
0gk

2
1 sin 2xtð Þ þ 2xtþ 4xk sin xtð Þ½ �

8xhð1þ x2k2Þ qsk0 þ qscsVsz Tm � Tsð Þ½ �

þ k20gh sin 2xtð Þ þ 2xtþ 4xk sin xtð Þ½ �
8xð1þ x2k2Þ qsk0 þ qscsVsz Tm � Tsð Þ½ �

k1k2 þ 1

15
9k22 þ 10k1k3
� �

h2 þ 15k2k3
14

h4 þ 5k3
9

h6
� �

(52)

EXPERIMENTAL

Apparatus for the experiment

DWZD-500 is the multidimensional vibrating desk
designed by Guang-Sheng Zeng used in this study.
As shown in Figure 2, it is composed of one moving
oil cylinder and two vibrators. The moving oil cylin-
der can push the piston downward, and the vibrator
can move the piston and the hot plate along the z
and x directions, respectively. The inside of the hot
plate is empty, but cooling water can flow in it.
Also, a temperature and pressure sensor is used to
capture the corresponding data.

Materials for the experiment

Low-density polyethylene (LDPE; 951- 050, Petro-
chemicals Co., Ltd., Maoming, China) was used in this
study. The physical properties are given in Table I.

Figure 2 Photos of the DWZD-500: (a) multidimensional vibrating desk and (b) data capture system. [Color figure can
be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Experimental procedure

The lower plate was heated by electricity, and the
temperature of the plate was set to 60�C and con-
trolled by the computer, temperature sensors, and
cooling water pipes around the barrel and in the
plate. After the temperature reached the set value,
50 g of LDPE was pulled into the barrel, and the pis-
ton began applying a pressure of 3 MPa. The lower
plate and the piston vibrated, as depicted in Figure
1, at the same time with the same vibration parame-
ters. Each new test was run for 5 min with the
piston and the hot plate vibration parameters set to
different combinations, as listed in Table II. After-
ward, the vibration and cooling water was stopped,
and the sample was removed. The vibration fre-
quency was adjusted from 0 to 25 Hz with a step
size of 5 Hz, and the amplitude was set from 0 to 2
mm with a step size of 0.5 mm. Also, the pressure
and temperature data were recorded during the
experiments with temperature and pressure sensors.
Finally, the mass of the melting polymer extruded
form the equipment was weighed and recorded as
the melting mass.

RESULTS AND DISCUSSION

The introduction of a vibration force field can speed
up the untangling of long molecule chains and
enhance friction among molecule chains and mole-
cule chain segments. The polymer solid is continu-

ously broken up, crushed, and rubbed under the
influence of the vibration force field. The vibration
force improves the melting process of a polymer ma-
terial. Even without an outside heating source, the
polymer material can be melted; ultrasonic welding
of plastic is a representative example.
Figure 3 shows a photo of the experimental sam-

ple. As shown in Figure 3, the melt first occurred at
the interface between the hot plate and the solid
bed; finally, a circular melt pool was generated. The
melting process was in good agreement with the
physical model shown in Figure 1.
Figure 4 shows the melting mass per unit time of

the polymer material as a function of the vibration
parameters, where A is the amplitude and Q is the
melting mass. It was clear that the melting mass
increased as the vibration amplitude and frequency
increased.
Figure 5 compares the melting mass per unit time

(5 min) from the experimental and theoretical calcu-
lations (under various combinations of vibration pa-
rameters), where E denotes the experimental values
and T is the theoretical value. As shown clearly in
the E curve of Figure 5, increasing the vibration am-
plitude and frequency increased the melting mass;
this was in good agreement with the calculated
results. Furthermore, as shown in Figure 5, although

TABLE II
Vibration Parameter Combination for the Hot Plate

Vibration amplitude

Viscosity 0 0.5 1.0 1.5 2.0
Vibration frequency 0

5
10
15
20
25

Figure 3 Experimental sample coming from DWZD-500.

TABLE I
Physical Properties of the Solid LDPE (951-050)

qs
(kg/m3)

Tg

(�C)
ks

(W m�1 �C�1)
Cps

(kJ kg�1 �C�1)
k

(kJ/kg)

915 �68 0.335 2.76 129.8

2918 ZENG, QU, AND LIU

Journal of Applied Polymer Science DOI 10.1002/app



the experimental results were very consistent with
the theoretical calculation, there were still minor
deviations among them, especially in Figure 5(a,b).

This was because many assumptions were made to
obtain an analytical expression of the melting model,
which could not be totally neglected. On the other
hand, test error could be another reason for the
deviation.

CONCLUSIONS

Through the DWZD-500 multidimensional vibration
desk experiment, the melting mechanism was
researched deeply, and a reliable physical model was
established. Subsequently, the mathematical analytical
model was derived by sophisticated mathematical
deduction. The results coming from theoretical calcula-
tion were in good agreement with those of the experi-
ment, and the following conclusions were obtained:

1. The introduction of the vibration force field
sped up the untangling of long molecule
chains, decreased the viscosity, and improved
the flowability of the polymer melt.

2. The introduction of the vibration force field
enhanced the dissipation energy and then

Figure 5 Relationship between the melting mass and the vibration parameters coming from the theory calculation and
experiment.

Figure 4 Relationship between the melting mass and the
vibration parameters coming from the theoretical model.
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increased the plastication molding rate of the
polymer material.

This study will serve as a theoretical basis for the
optimum conditions of vibration extruder design
and the processing of polymers.
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